In this tutorial paper we present one of the simplest autonomous di erential equations capable of generating chaotic behavior. Some of the fundamental routes to chaos and bifurcation phenomena are demonstrated with examples. A brief discussion of equilibrium points and their stability is given. For the convenience of the reader, a short computer program written in QuickBASIC is included to give the reader a possibility of quick hands-on experience with the generation of chaotic phenomena without using sophisticated numerical simulators. All the necessary parameter values and initial conditions are provided in a tabular form. Eigenvalue diagrams showing regions with particular eigenvalue patterns are given.
Introduction
Chaotic phenomena in physical systems have been observed for a long time, but their in-depth research has only been conducted in recent decades. Observations of chaotic behavior in the eld of electrical circuits date back to Van der Pol 1927] , who reported \irregular noise" from his neon bulb circuit. However, chaos was not recognized as as a distinct dynamical phenomenon at that time, and the descriptions of dynamical structures were limited to static ( xed) equilibrium points, periodic or quasiperiodic motions. A major breakthrough came with the discovery of chaotic attractors in a three-dimensional autonomous system of equations by Lorenz 1963] , whose purpose was to create and analyze a model for the unpredictable behavior of the weather.
There is no generally accepted de nition of chaotic phenomena. Roughly speaking, a chaotic system is one that is deterministic but at the same time exhibits irregular, or random, behavior. A distinctive and readily observable property of chaotic systems is sensitive dependence on initial conditions : the trajectories starting from two arbitrarily close points diverge at an exponential rate and become uncorrelated in a short period of time. Chaos, or strange behavior, is currently one of the most exciting areas in the research of nonlinear systems.
The purpose of Lorenz 1963] was to create and analyze a model for the unpredictable behavior of the weather. By greatly simplifying and truncating a set of nonlinear partial di erential equations, he obtained the following system of ordinary di erential equations: (1) A typical Lorenz chaotic attractor ( Fig.1) can be obtained by setting the parameters = 10 , r = 28, and b = 8=3. Note that the Lorenz equation has three parameters and two nonlinearities, each of which is a function of two variables. Despite considerable e orts to prove rigorously the chaotic nature of the Lorenz system, since its discovery in 1963, it was a long time before such a proof was furnished in 1994 Hassard et al.,1994; Hastings, 1994] .
The rst real physical dynamical system, capable of generating chaotic phenomena in the laboratory, similar to those in the Lorenz system, was invented by Chua 1992] , who synthesized a simple third-order autonomous circuit ( Chua's system has several advantages over the Lorenz equations. In contrast to the Lorenz system which has two nonlinearities, each with two variables, Chua's system has only one nonlinearity with one variable 1 and the same model can be used with any scalar nonlinearity. Chua's circuit is easy to build in the laboratory, since all of the linear elements (capacitors, resistors, inductors ) are readily available as o -the-shelf components (Fig.3) . In fact, the circuit can be built for less than $10 in an hour! There are several possible practical implementations of the nonlinear element ( usually called Chua's diode) by using o -the-shelf components, e.g., diodes, transistors, op-amps Kennedy, 1992] . Another such implementation for cubic nonlinearity Zhong, 1994 ] is shown in Fig.4 . An IC chip implementation of the whole Chua's circuit was realized in 1993 Cruz & Chua, 1993] by using a 2 m CMOS technology, with the circuit itself occupying a silicon area of 2.5mm 2.8mm. It is because of its simplicity, robustness, and low cost that Chua's circuit has become a favorite tool for analytical, numerical, and experimental study of chaos. Early investigations of Chua's circuit were conducted numerically for its piecewise-linear version Matsumoto et al., 1984] and it became the rst real physical object in which chaos was proved analytically Chua et al., 1986] , numerically Madan, 1993] , as well as experimentally Zhong & Ayrom, 1985] . For a piecewise-linear nonlinearity, very extensive literature exists ( more than 200 papers and a monograph Madan, 1993] ) on theoretical, numerical, and experimental aspects of the dynamics in Chua's circuit. An implementation of Chua's circuit with a cubic nonlinearity is described in Zhong, 1994] . The reasons for the previous choice of a piecewise-linear nonlinearity were the following: the corresponding circuit can be easily built with o -the-shelf components.
explicit Poincar e map can be derived which allows a rigorous mathematical proof that Chua's circuit is chaotic in the sense of Shilnikov's theorem.
Later, some bifurcation phenomena were obtained for Chua's circuit with a smooth nonlinearity, in particular, cubic nonlinearity Zhong, 1994] . The choice of a cubic nonlinearity has several advantages over a piecewise-linear one. It does not require absolute-valued functions and it is smooth, which is desirable from a mathematical perspective. Moreover, almost all phenomena found in the piecewise-linear version also exist in cubic version, and certain additional phenomena not found in the piecewise-linear version, e.g. Hopf bifurcation phenomenon requires C 3 functions and in the piecewise-linear case the corresponding phenomenon is not really Hopf but Hopf-like: in particular, the amplitude of oscillation jumps suddenly from 0 to a nite amplitude.
Since a cubic nonlinearity is easy to model and program, in this paper we will focus on this type of nonlinear characteristic. In Section 2 we will reproduce some attractors which were observed from the piecewise-linear model by using only three parameters and one cubic nonlinearity with one variable. The system of equations (5) is very simple, yet can exhibit many chaotic phenomena. We also show that by adding three more parameters in Chua's system it is possible to observe a still broader class of dynamical phenomena. Section 3 deals with bifurcation phenomena associated with the appearance of various dynamical structures. At the beginning of Sections 2.1 and 3 we reproduce some dynamical phenomena observed from the Lorenz system and show the corresponding phenomena in Chua's system. Analogs of eigenvalue diagrams constructed earlier for piecewise-linear Chua's system are presented in Section 4 for the cubic system. Finally, in appendices, we give some analytical formulas for the curves separating regions with di erent eigenvalue patterns.
2. Attractors from Chua's System 2.1. Attractors in Chua's Circuit A typical chaotic attractor generated by the Lorenz system (1) is shown in Fig.1 . It was the rst chaotic attractor observed from an autonomous third-order system. Many di erent chaotic attractors can be generated by equation (2), the most wellknown of which is the so-called Double-Scroll Chua's Attractor Madan, 1993] . To reproduce such an attractor, let us rst put the equation (2) 
The equations then take on the following form:
In the following we will assume that the nonlinear function g is of the form g(x) = The Double-Scroll Attractor can be generated by choosing = 10, = 16, and c = ?0:143 (Fig.5) . Many other attractors can be generated from equation (5), some of which are depicted in Fig.6 . The corresponding parameter values, eigenvalues at equilibrium points, Lyapunov exponents, and initial conditions are collected in Tables  1 and 2 .
Coexistence Phenomenon
Coexistence of attractors is an interesting phenomenon where the interaction of attractors can give rise to di erent dynamical phenomena, e.g., chaos-chaos intermittency Anishchenko et al, 1994] and stochastic resonance Anishchenko et al, 1993] . Previously, coexistence of two chaotic attractors in the Lorenz system has been observed (Fig.7) . It is possible, however, for more than two chaotic attractors to coexist for the same set of parameter values. Fig.8 demonstrates such a coexistence of three distinct chaotic attractors in Chua's system, and an example of ve attractors coexisting for a xed set of parameters is given in Fig.9 . 2.2 Attractors from Chua's Oscillator A wealth of new attractors and dynamical phenomena can be spawned by increasing the number of parameters in equation (2). If in the original Chua's circuit we add a linear resistor in series with the inductor we obtain so-called Chua's oscillator Madan, 1993] . By a transformation similar to that in Section 2.1, the circuit equations can be transformed into the following dimensionless form:
where g(x) = ax 3 + cx. Again, we can assume (see Section 2.1) that a is a parameter taking on one of the values +1 or ?1. Many new attractors have been observed in addition to those given in Section 2.1. and some of them are shown in Fig.10 PSET (xl#, yl#), 2 FOR i = 1 TO 10000 k1x# = alpha# * (yl# -gnor(xl#)) k1y# = xl# -yl# + zl# k1z# = -beta# * yl# -gammaloc# * zl# k2x# = alpha# * (yl# + h2# * k1y# -gnor(xl# + h2# * k1x#)) k2y# = k1y# + h2# * (k1x# -k1y# + k1z#) k2z# = omch2# * k1z# -bh2# * k1y# k3x# = alpha# * (yl# + h2# * k2y# -gnor(xl# + h2# * k2x#)) k3y# = k1y# + h2# * (k2x# -k2y# + k2z#) k3z# = k1z# -bh2# * k2y# -ch2# * k2z# k4x# = alpha# * (yl# + h# * k3y# -gnor(xl# + h# * k3x#)) k4y# = k1y# + h# * (k3x# -k3y# + k3z#) k4z# = k1z# -bh# * k3y# -ch# * k3z# xl# = xl# + h6# * (k1x# + k2x# + k2x# + k3x# + k3x# + k4x#) yl# = yl# + h6# * (k1y# + k2y# + k2y# + k3y# + k3y# + k4y#) zl# = zl# + h6# * (k1z# + k2z# + k2z# + k3z# + k3z# + k4z#)
PRINT "Press a key to quit"
'cubic nonlinearity gnor# = a# * x# * x# * x# + b# * x# * x# + c# * x# + d#
END FUNCTION
A more sophisticated and user-friendly program for simulating Chua's oscillator with both piecewise-linear and cubic nonlinearity, called ABC, is available from Dr. Michael
Peter Kennedy at the following address: Dr. Michael Peter Kennedy Department of Electronic and Electrical Engineering University College Dublin, Dublin 4, Ireland This program plots both the time series and the the phase projection of the trajectory, along with eigenplanes and eigenvectors at the equilibrium points. Other features of the program include the ability to interactively change parameters, rotate the phase projections, calculation of eigenvalues at the equilibrium points, and output of trajectory data to disk. It also has the capability to display two trajectories at once to illustrate coexistence of attractors. In the following section we describe various dynamical phenomena observed from equation (6).
Bifurcation Phenomena

Routes to Chaos
There are several possible ways for a dynamical system to make a transition from regular behavior to chaos. We will discuss and give examples of period-doubling, torus breakdown, and intermittency routes to chaos, along with some other dynamical phenomena.
Period-doubling Route to Chaos
This is the most widely observed and well-known route to chaotic behavior. In the Lorenz system (1) it can be generated by choosing r = 100:5, b = 8=3, and = 10. These parameters correspond to a period-3 limit cycle (Fig.11a) . By decreasing the parameter value r to 99.96 the limit cycle doubles its period and bifurcates into a period-6 limit cycle (Fig.11b) . The same period-doubling phenomenon occurs for decreasing parameter r until chaos sets in. A similar scenario can be obtained from Chua's system (4), with a period-1 limit cycle (for = 8:3333) undergoing successive period-doubling bifurcations to period-2, period-4, ..., limit cycles, and nally reaching chaos at = 10 ( Fig.12 ).
Torus Breakdown Route to Chaos
In this route to chaos, a torus attractor bifurcates into periodic orbits of consecutively decreasing periods, i.e. windows of quasiperiodic and periodic behavior appear alternately as a parameter is changed. After several such bifurcations a periodic orbit nally bifurcates into chaotic attractor through a period-doubling sequence. Here we show a torus attractor (Fig.13a) , two attractors from periodic windows (Figs.13b, c) , and a chaotic attractor (Fig.13d) .
Intermittency Route to Chaos
Intermittency is the phenomenon where the signal is virtually periodic except for some irregular, unpredictable bursts. In other words, we have intermittently periodic behavior and irregular aperiodic behavior Chua et al., 1993] . Intermittent chaos is observed in the Lorenz equation for r = 166:3 (Fig.14) . To generate this type of behavior in Chua's oscillator we can use the parameter values = ?75:01, = 31:842, = ?2:895 at which the system is periodic (Fig.15) . By changing the parameters to = 23:960396 and = ?2:8947368 a transition to intermittent chaos occurs. Both and are changed to achieve intermittency, but they correspond, in the original system (2) to a one-parameter bifurcation (the parameter R is varied). A similar situation occurs in the bifurcation phenomena described below.
Period-adding Bifurcations
The phenomenon of period-adding bifurcations was previously observed in piecewiselinear systems Pivka & Sp any, 1993; Chua et al., 1993] , where windows of consecutive periods are separated by regions of chaos. In other words, as the parameters are varied, we obtain a stable period-n orbit, (n = 1; 2; 3; :::), followed by a region of chaos, then a stable period-(n + 1) orbit, followed by chaos, then period-(n + 2) orbit and so on. Examples from one such sequence for Chua's system with cubic nonlinearity are given in Fig.16 , with the corresponding parameters in Tables 1 and 2 . Note in Table  2 that the equilibrium points P are stable, so that attractors P coexist with stable periodic orbits.
Symmetry-breaking Bifurcation
In this bifurcation phenomenon, a symmetric stable periodic orbit (Fig.17a ) splits into two asymmetric stable periodic orbits (Fig.17b) . As the circuit parameter C 2 continues to change (which corresponds to a change in three parameters , , ) the two stable orbits remerge to a symmetric stable orbit.
Bifurcation Diagrams
In Franz et al., 1995] the piecewise-linear Chua's system was approximated with a smooth system with a cubic polynomial characteristic (see Appendix 1 for an approximation procedure). In this subsection we reproduce two one-parameter bifurcation sequences, namely those with respect to and parameters.
Bifurcations with Respect to
In this bifurcation sequence (Fig.18) we start with = 0, = 14, a = ?c = ?3=7. At these parameter values the system exhibits two stable equilibrium points.
Two asymmetric stable periodic orbits appear when the equilibrium points lose their stability through Hopf bifurcation at 6:6. Another stable (symmetric) orbit appears at 7:5, and this situation persists up to 8:7. Standard perioddoubling cascade can be observed in the interval 8:5 < < 9, resulting in the appearance of the double-scroll attractor at 9 < < 10:5. When the parameter is further increased, the double-scroll disappears at 11 and the system exhibits only one stable periodic attractor.
Let us introduce the following abbreviations: DS double scroll SP Chua's spiral attractor SO (1) period-1 symmetric orbit EP (two) stable equilibrium points AO (n) (two) period-n asymmetric orbits With this notation, the whole sequence can be summarized as follows: 
Bifurcations with respect to
A reverse scenario to the one in preceding subsection can be observed if we increase the parameter from the initial value = 0: a large stable symmetric orbit can be observed until a double-scroll appears at 11:5 (Fig.19) The attractor then splits into two spiral attractors at 14:5. A reverse period-doubling cascade is then initiated, followed by the disappearance of the large stable periodic orbit. The bifurcation sequence ends in reverse Hopf bifurcation when the system becomes bistable. Schematically, the process is as follows: Since certain bifurcation phenomena are tied to particular eigenvalue combinations for equilibria, it is useful to identify regions with the same eigenvalue patterns. For Chua's circuit this has been done in Chua & Huynh, 1992] . In this section we present similar eigenvalue diagrams for cubic nonlinearity case for both the origin and the equilibria P . In both cases we denote the eigenvalues by , + j!; and ? j! if there is a pair of complex-conjugate eigenvalues, and 1 , 2 , 3 if all eigenvalues are real. The correspondence of eigenvalue patterns and their respective notations is shown in Fig.20 . We are interested in boundaries between regions with di erent eigenvalue patterns.
Eigenvalue Diagrams for Equilibria P
By putting the right-hand sides of equation (6) 
Three Real Eigenvalues
Here the condition for one eigenvalue to be zero is = 0, or =
(1?c) c .
Eigenvalue Diagrams
The equations given in subsections 4.2.1 and 4.2.2 have been plotted on the , plane for c = ?0.143 in Fig.22 . Appendix 1
All the dynamical phenomena in this paper were originally obtained from Chua's system (6). With both piecewise-linear and smooth cubic nonlinearities, the system can exhibit 3 equilibrium points. One can expect similar dynamical behavior in piecewise-linear and smooth systems if the eigenvalues at equilibrium points are identical or almost identical. The Jacobian matrices at the origin and equilibria P of the three-region piecewise-linear system are as follows: . After some experimentation and tuning of the parameters c, a it is possible, in most cases, to generate similar phenomena as in the piecewise-linear case.
Appendix 2
In this appendix we give general formulas for the boundary curves separating regions with the same eigenvalue patterns. v 9 = y 3 t 6 v 7 = y 3 t 4 + y 1 t 6 v 6 = y 3 t 3 + y 0 t 6 v 5 = y 3 t 2 + y 1 t 4 v 4 = y 3 t 1 + y 1 t 3 + y 0 t 4 v 3 = y 3 t 0 + y 1 t 2 + y 0 t 3 v 2 = y 1 t 1 + y 0 t 2 v 1 = y 1 t 0 + y 0 t 1 v 0 = y 0 t 0 (62) g 9 = y 3 x 6 g 7 = y 3 x 4 + y 1 x 6 g 6 = y 3 x 3 + y 0 x 6 g 5 = y 3 x 2 + y 1 x 4 g 4 = y 3 x 1 + y 1 x 3 + y 0 x 4 g 3 = y 3 x 0 + y 1 x 2 + y 0 x 3 g 2 = y 1 x 1 + y 0 x 2 g 1 = y 1 x 0 + y 0 x 1 g 0 = y 0 x 0 (63) n 9 = q 3 z 6 n 8 = q 2 z 6 n 7 = q 3 z 4 n 6 = q 3 z 3 + q 2 z 4 + q 0 z 6 n 5 = q 3 z 2 + q 2 z 3 n 4 = q 3 z 1 + q 2 z 2 + q 0 z 4 n 3 = q 3 z 0 + q 2 z 1 + q 0 z 3 n 2 = q 2 z 0 + q 0 z 2 n 1 = q 0 z 1 n 0 = q 0 z 0 (68) l 6 = 2q 3 y 3 l 5 = 2q 2 y 3 l 4 = 2q 3 y 1 l 3 = 2q 3 y 0 + 2q 2 y 1 + 2q 0 y 3 l 2 = 2q 2 y 0 l 1 = 2q 0 y 1 l 0 = 2q 0 y 0 (69) c 9 = n 9 + vd 9 c 8 = u 8 + n 8 c 7 = n 7 + vd 7 c 6 = 1 + u 6 + n 6 + vd 6 c 5 = u 5 + n 5 + vd 5 c 4 = u 4 + n 4 + vd 4 c 3 = u 3 + n 3 + vd 3 c 2 = n 2 + vd 2 c 1 = n 1 + vd 1 c 0 = n 0 + vd 0 e 18 = x 6 j 12 e 17 = x 6 j 11 e 16 = x 6 j 10 + x 4 j 12 e 15 = x 6 j 9 + x 4 j 11 + x 3 j 12 e 14 = x 6 j 8 + x 4 j 10 + x 3 j 11 + x 2 j 12 e 13 = x 6 j 7 + x 4 j 9 + x 3 j 10 + x 2 j 11 + x 1 j 12 e 12 = x 6 j 6 + x 4 j 8 + x 3 j 9 + x 2 j 10 + x 1 j 11 + x 0 j 12 e 11 = x 6 j 5 + x 4 j 7 + x 3 j 8 + x 2 j 9 + x 1 j 10 + x 0 j 11 e 10 = x 6 j 4 + x 4 j 6 + x 3 j 7 + x 2 j 8 + x 1 j 9 + x 0 j 10 e 09 = x 6 j 3 + x 4 j 5 + x 3 j 6 + x 2 j 7 + x 1 j 8 + x 0 j 9 e 08 = x 6 j 2 + x 4 j 4 + x 3 j 5 + x 2 j 6 + x 1 j 7 + x 0 j 8 e 07 = x 6 j 1 + x 4 j 3 + x 3 j 4 + x 2 j 5 + x 1 j 6 + x 0 j 7 e 06 = x 6 j 0 + x 4 j 2 + x 3 j 3 + x 2 j 4 + x 1 j 5 + x 0 j 6 e 05 = x 4 j 1 + x 3 j 2 + x 2 j 3 + x 1 j 4 + x 0 j 5 e 04 = x 4 j 0 + x 3 j 1 + x 2 j 2 + x 1 j 3 + x 0 j 4 e 03 = x 3 j 0 + x 2 j 1 + x 1 j 2 + x 0 j 3 e 02 = x 2 j 0 + x 1 j 1 + x 0 j 2 e 01 = x 1 j 0 + x 0 j 1 e 00 = x 0 e 0 (74) e 18 = x 6 j 12 e 17 = x 6 j 11 e 16 = x 6 j 10 + x 4 j 12 e 15 = x 6 j 9 + x 4 j 11 + x 3 j 12 e 14 = x 6 j 8 + x 4 j 10 + x 3 j 11 + x 2 j 12 e 13 = x 6 j 7 + x 4 j 9 + x 3 j 10 + x 2 j 11 + x 1 j 12 e 12 = x 6 j 6 + x 4 j 8 + x 3 j 9 + x 2 j 10 + x 1 j 11 + x 0 j 12 e 11 = x 6 j 5 + x 4 j 7 + x 3 j 8 + x 2 j 9 + x 1 j 10 + x 0 j 11 e 10 = x 6 j 4 + x 4 j 6 + x 3 j 7 + x 2 j 8 + x 1 j 9 + x 0 j 10 e 09 = x 6 j 3 + x 4 j 5 + x 3 j 6 + x 2 j 7 + x 1 j 8 + x 0 j 9 e 08 = x 6 j 2 + x 4 j 4 + x 3 j 5 + x 2 j 6 + x 1 j 7 + x 0 j 8 e 07 = x 6 j 1 + x 4 j 3 + x 3 j 4 + x 2 j 5 + x 1 j 6 + x 0 j 7 e 06 = x 6 j 0 + x 4 j 2 + x 3 j 3 + x 2 j 4 + x 1 j 5 + x 0 j 6 e 05 = x 4 j 1 + x 3 j 2 + x 2 j 3 + x 1 j 4 + x 0 j 5 e 04 = x 4 j 0 + x 3 j 1 + x 2 j 2 + x 1 j 3 + x 0 j 4 e 03 = x 3 j 0 + x 2 j 1 + x 1 j 2 + x 0 j 3 e 02 = x 2 j 0 + x 1 j 1 + x 0 j 2 e 01 = x 1 j 0 + x 0 j 1 e 00 = x 0 e 0 where 1 , 2 , and 3 are the roots, such that 1 < 2 < 3 . According to the characteristic equation, we see that the condition for one eigenvalue to be zero is = 0, or = 
